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Abstract. There is a natural construction which associates to a finitely gen- 
erated, countable, discrete group G and a 3-cocycle oj of G an inclusion of Hi 
factors, the so-called diagonal subfactors (with cocycle). In the case when the 
cocycle is trivial these subfactors are well studied and their standard invariant 
(or planar algebra) is known. We give a description of the planar algebra of 
these subfactors when a cocycle is present. The action of Jones' planar operad 
involves the 3-cocycle ui explicitly and some interesting identities for 3-cocycles 
appear when naturality of the action is verified. 



1. Introduction 

The theory of subfactors ( lOj) has experienced several new developments in the 
last few years through the introduction of planar algebra technology ([H]). Every 
subfactor comes with a very rich mathematical object, the standard invariant or 
planar algebra of the subfactor, which in nice situations is a complete invariant 
of the subfactor ([20j, [H]). It can be described in many interesting ways, as for 
instance a certain category of bimodules ([Hj, see also p]), as lattices of multi- 
matrix algebras ([13), or as a planar algebra ([H])- The planar algebra approach 
is particularly powerful since it allows one to use algebraic-combinatorial methods 
in conjunction with topological ones to investigate the structure of subfactors. A 
number of examples of explicit planar algebras associated to subfactors have been 
computed (see for instance [3], [4], [8], [11], [14], [15], [16]) but there is a need 
for more concrete examples. This is what we accomplish in this paper. We give a 
description of the planar algebra of the diagonal subfactors associated to a G-kernel. 

Let P be a IIi factor and let 9i, . . . , 6'„ be automorphisms of P (we may 
assume without loss of generality that 9i — id). Consider the subfactor N — 
{J27=i Oi{x)eii I x £ P} C M = P(g)M„(C), where (eij)i<ij<„ denote matrix units 
in M„(C). N C M is then called the diagonal subfactor associated to {9i}i<i<n- 
These subfactors were proposed by Jones in 1985 to provide examples of potentially 
non-classifiable subfactors, since this construction allows one to translate problems 
on classification of group actions into problems on subfactors. Popa used them to 
prove vanishing of 2-cohomology results for cocycle actions of finitely generated, 
strongly amenable groups on an arbitrary IIi factor ([23j). Ocneanu had proved 
such a result for cocycle actions of amenable groups on the hyperfinite IIi factor us- 
ing different techniques ([H]). The diagonal subfactors are of course reducible and 
have Jones index n^. They provide a wealth of simple examples of infinite depth 
subfactors whose structure theory is well understood. In particular, the standard 
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invariant or planar algebra of these subfactors has been determined in {[20], [TT] . 

ED)- 

Let G be the group generated by the images of 0^, 1 < i < n, in OutP = 
Aut P/Int P. Popa showed that analytical properties of these subfactors are re- 
flected in the corresponding properties of the group G. For instance, if P is hyper- 
finite, then the diagonal subfactor is amenable (in the sense of Popa) if and only 
if G is an amenable group ([20]). The subfactor has property (T) in the sense of 
Popa if and only if G has property (T) of Kazhdan ( 22 ). The principal graphs 
of these subfactors are then Cayley-likc graphs of G with respect to the generators 
51, . . . , gn and their inverses (see (20_ or [IJ for the precise statement). The higher 
relative commutants, Jones projections and conditional expectations have all been 
worked out in ([20], [H], [I]). 

A well-known variation of the diagonal subfactors is obtained as follows (see e.g. 
|20j). Consider a G-kernel, that is an injective homomorphism x from a (countable, 
discrete, finitely generated) group G into Out P. Denote by e : Aut P Out P 
the canonical homomorphism, and let a : G — > Aut P be a lift of x such that 
e o as = x(s), for all s £ G. It follows that a^at = ^du(s,t)ast, for all s, t G, 
and some unitaries u{s,t) e P. Associativity of composition of automorphisms 
implies that Ad(u(r, s)u{rs,t)) — Ad{ar{u{s,t))u{r, st)). Hence there is a function 
Lu: GxGxG—i-T with u(r, s)u{rs, t) — uj(r, s, t)ar{u{s, t))u{r, st). It is easy to 
check that w is a 3-cocycle and that its class in H'^{G,T) does not depend on the 
choices made. One usually denotes the class by Ob(G) or Ob(x), the obstruction 
of X- It is an obstruction to lifting G to an action on the IIi factor P. Clearly, 
if two G-kernels x a-^d t] are conjugate (in OutP), then Ob(x) — Ob(77). It was 
shown in [17] that Ob is a complete conjugacy invariant for G-kernels if P is the 
hyperfinite IIi factor and G is a countable, discrete, amenable group. Note that in 
general, even if Ob(G) = 0, there may be no lifting of the G-kernel to an action on 
P. Connes and Jones found in [7] the first such example of a non-liftable G-kernel 
with vanishing obstruction, where G is a group with property (T). Vanishing of the 
obstruction is a necessary and sufficient condition for G to lift to a cocycle action 
on the III factor P. See [5], [12], [17], [23], [2j for more on this. 

Connes showed that if G is cyclic, one can construct G-kernels in Out R with 
arbitrary obstructions, where R denotes the hyperfinite IIi factor ([6]). It was an 
open problem whether this result is true for more general groups, and Jones showed 
in [3] that this is indeed the case for G an arbitrary discrete group. Thus, given 
a discrete group G and a class tt e H^{G,T), there is G-kernel x ■ G ^ OutP 
with Ob(x) = TT. Sutherland constructed G-kernels with arbitrary obstructions in 
non-hyperfinite IIi factors ([24]). 

Given a finitely generated, countable group G and a 3-cocycle w, we can associate 
a (hyperfinite) subfactor to (G, uj) as follows. Let x ■ G ^ Out P be a G-kernel 
with Ob(G) = [lu] e H^{G,T) (choose for instance P ^ R, and use [9]). Fix 
generators {gi, . . . , gn} of G, let a be a lift of and consider the diagonal subfactor 
associated to the automorphisms a^^, . . . , ag^ (let us choose gi = e, the identity of 
G, and ae — id). If 77 is another G-kernel with lift f3, and automorphisms /3gj , . . . , 
/3g^, then the diagonal subfactors associated to {ag.)i and {Pgj)j are isomorphic if 
and only if there is an automorphism 9 of the underlying IIi factor P such that 
"^9^(1) ~ ^f^Qi^^^ mod IntP, where tt is a permutation of the indices (fixing 1) (see 
e.g. [23] ). Thus, in particular, isomorphism of these diagonal subfactors implies 
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that Ob(x) = Oh(ri) (up to a possible modification of x by the permutation tt). 
Isomorphism of standard invariants is weaker than isomorphism of subfactors, but 
we still have the following. If (G, x) a-nd (G, f]) are two G-kernels as above with 
Ob(77) = Ob(x), then the standard invariants of the associated diagonal subfactors 
are isomorphic (see {^Ql, page 228 ff.). The converse is not true due to the fact that 
group isomorphisms can change the class of a 3-cocycle. If one constructs diagonal 
subfactors where the automorphisms are repeated with distinct multiplicities, one 
can show a converse, e.g. if G is strongly amenable and P is hyperfinite, using 
Popa's classification results of amenable subfactors ([20], page 229 ff.). Clearly, 
the 3-cocycle lo giving rise to the obstruction of the G-kernel will appear in the 
standard invariant of these diagonal subfactors (with cocycle) and the purpose of 
this paper is to give a precise description of this occurrence. 

Here is a more detailed outline of the sections of this paper. We review group 
cocycles in section 2. In section 3, we define an abstract planar algebra p(9i--^<^i),^ 
associated to a finitely generated group G with a fixed finite generating set {^ijig/, 
and a 3-cocycle oj e Z^{G,T). The vector spaces underlying this planar algebra 
are spanned by multi-indices in such that the corresponding alternating word 
on generators and their inverses is the identity in G. The action of Jones' planar 
operad is defined explicity, and of course lo appears prominently in this definition. 
It should be noted that the definition of the action of a tangle involves a labelling of 
the strings in the tangle whereas the planar algebra description of the group-type 
subfactors in J3| involved a labelling of boundary segments (called "openings" in [3]) 
of the internal and external discs of the tangle. We would like to point out that the 
3-cocycle uj does not appear in our definition of the action of the multiplication, 
inclusion, Jones projection and right conditional expectation tangles. It does appear 
in the definition of the action of the left conditional expectation tangles (and hence 
the rotation tangles). We verify in this section that our definition of the action of 
tangles is indeed natural with respect to composition of tangles. This takes a little 
work, but some interesting identities for 3-cocycles appear along the way. 

In section 4 we give a model for the higher relative commutants of the diagonal 
subfactor with cocycle and describe the associated concrete planar algebra. We 
choose an appropriate basis of the higher relative commutants which allows us to 
identify this concrete planar algebra with the abstractly defined one in section 3. 
This isomorphism is obtained in the usual way by constructing a filtered ^-algebra 
isomorphism between the abstract planar algebra of section 3 and the concrete one 
of section 4, that preserves Jones projection and conditional expectation tangles. 
The main feature of this planar algebra is the fact that the distinguished basis of the 
higher relative commutants that we found here, matches with the one coming from 
the description of the planar algebra as a path algebra associated to the principal 
graphs of the subfactor (see e.g. [13], [H]). Conversely, we prove that any finite 
index extremal subfactor whose standard invariant is given by the abstract planar 
algebra (in Section 3), must necessarily be (isomorphic to) a diagonal subfactor. 

2. A BRIEF REVIEW OF GROUP COCYCLES 

For the convenience of the reader, we recall in this brief section the definition of 
a cocycle of a group G. G will denote throughout this article a countable, discrete 
group, and we will denote the identity of G by e. Define G" = Fun{G"',T) the 
space of functions from G" to T and 9" : G" ^ G"+i by 
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9"(0)(.9l,-- - ,9n+l) 

= 0(52, • • • ,5n+i) ^9192,93, ■ ■ ■ ,5«+i)"^ 0(5175253,54, • • • ,5n+i) • • • 

• ■ ■ 0(51, ■ ■ • ,5n-l,5«5n+l) 0(51, ■■■,5n) 

It follows that (9"+^ o 9") (•) = l(^„+2 where 1 denotes the constant function 1. 
Denote ker{d) by Z"(G, T) (whose elements are called n-cocycles) and Im{d"~^) 
by i3"(G, T) (whose elements are called coboundaries) . Note that B"{G,T) C 
Z"(G, T). 

In this paper we will be dealing mostly with a 3-cocycle uj. Thus to satisfies the 
identity 



(2.1) ^(51,32,53) ^(31,5253,54) ^^(52,53,54) = ^(5152,53,54) ^(51,52,5354) 

We call w normalized if 01(51, 52, 53) = 1 whenever either of 51, 52, 53 is e. 

Any cocycle tu is coboundary equivalent to a normalized cocycle. In particu- 
lar, {u! ■ 9^(0)) is a normalized 3-cocycle where G is defined as 0(51,52) = 
0(51, e,e) U(e,e,52) for all 51,52 £ G. 



3. An abstract planar algebra 

In this section we will construct an abstract planar algebra which, in section |31 
will be shown to be isomorphic to the planar algebra of a diagonal subfactor with 
cocycle. 

Let G be a countable, discrete group generated by a finite subset {5i}ig/, and 
let oj e Z^{G,T) be a normalized 3-cocycle. We will construct a planar algebra 
p{gi-t&i)^^ P) as follows. Let e denote the identity of G. We define first a map 
alt from multi-indices IJn>o ^" ^ 



n 

, n>0 



3 1= [ii,--- , «n) I — > 5ji 5^2 •■ ■ 9i„ = a'Hl) S G 



where alt of the empty multi-index is defined to be the identity element of the 
group. To define the planar algebra we need to define vector spaces P„ and an 
action of Jones' planar operad on these vector spaces. We refer to [TT] for the 
planar algebra terminology used in this paper. 



The vector spaces. For n > 0, define Pn = 



C{i e /2" : alt{i) = e} if n > 0, 
C if n = 0. 



Action of tangles. Let T be an no-tangle having internal discs Di, - ■ ■ ,Di, with 
colors ni, • • • ,ni, respectively (or no internal discs of course). A state ct on T is a 
map from {strings in T} to / such that alt{<T\g£)^) = e for all 1 < c < where (rldu^ 
denotes the element of P^" obtained by reading the elements of / induced at the 
marked points on the boundary of Dc by the strings via the map a, starting from 
the first marked point and moving clockwise. This has been illustrated in Figure 
[11 where alt{a\dDi) and alt{a\dD2) arc just the products 9i^^ 9i29i^^ 9n9T^^ 9t5 and 
9i^ 9ie9iT^ 9i3 respectively, and are thus required to be the identity element. It is a 
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consequence that alt(a\DOo)i— 9il^ 9i69i^^ 9i!,9il^ 9is = e in the figure) holds for the 
external disc. Let S{T) denote the states on T. 

In order to define the action Zt of T, it is enough to define the coefficient 
{ZT{k\--- ,fc'')|fc°) of fc° inthelinear expansion of ZT(fc\ - •• A'') where e P"^- 
such that alt{k'^) = e for 1 < c < 6. For this, we choose a picture Ti in the isotopy 
class of T and then choose a simple path pc in Dq \ [IJc=i Ii^K^c)] starting from 
the * of Do to that of Dc ior I < c < b such that: 

(i) Pc intersects the strings of Ti transversally for 1 < c < 6, 

(ii) Pd and Pc2 intersects exactly at the * of Dq for 1 < ci ^ C2 < b. 

Note that any state cr on T gives an element a\p^ G I"^" obtained by reading the 
elements of / induced by ct at the crossings of the path p^ and the strings along the 
direction of the path where rric (necessarily even) is the number of strings cut by 

Pc- 

Define 

6 

(^T(fc\---,fc')ifc") = E n^-u(^') 

o-e5(T) s.t. c=l 

o-\dD^=k'^ 
for 0<d<b 

where = 11^=1 ^jih ^) ^^d 

- \ uj{alt{j),alt{ii, - ■■ ,is-i),gij if s is even 

for i ^ I", j ^ I"\ If there is no compatible state on T, then we take the 
coefficient to be and if there is no internal disc in T, then the scalar inside the 
sum is considered to be 1. (Note that Xj{i) depends only on alt{j) and i.) 

We need to show first that the multi-Tinear map Zt is well-defined. Two config- 
urations of paths {pc}c=i and {Pc}c=i in '^an be obtained from each other using 



Recall * of a disc D is a point chosen on the boundary of D strictly between the last and the 
first marked points, moving clockwise. 
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a finite sequence of the following moves; 
I. isotopy 



Pc 



B 




II. cap-sliding moves 
A 





III. disc-sliding moves 





IV. rotation moves 



Do 





It is enough to check that the definition of the action is independent under each 
of the above moves. Invariance under isotopy moves are the easiest to check since 
a\p^ = a\pi for all c G {I,-- - ,6}- To see invariance under the remaining three 
moves, we show that alt{a\pj = alt{a\p'J for 1 < c < 6. For a cap-sliding move, 
note that the cap induces the same index at the two consecutive crossing with the 
path but after applying the alt map, the corresponding group elements cancel each 
other since they inverses of each other. For the disc-sliding (resp., rotation moves), 
the invariance follows from the fact that alt{a\gDd) = e (resp., alt{a\gDc) = e). 
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We will show next that the action is compatible with composition of tangles. 

Action is natural with respect to composition of tangles. Let S be an mg- 

tangle containing the internal discs D[ , • • • , D'^ with colors mi , • • • , rua and T be 
an mi-tangle containing internal discs Di, • • • , D{, with colors ni, ■ • • , n;,. Let D'q 
and Dq denote the external discs of S and T respectively. We need to show that 
for all f ' e I'^"'-' and f G /^n, ^^^^^ G {0, 2, • • • , a} and c G {1, ■ • • , 6} 

(3.1) {Zs{Zt{j\ • • ■ ,/),f , ■ • • ,r)ii") = (^5o„, t(/, • • • ,J^^^ • ■ • ,m") 



The left-hand side of (|3.ip can be expanded as 

E (^5(l\f,---,f)li°)(^T(j\---,/)|l^) 

creS(S), re5(T) s.t. crlao/^^r', r|sD^=i'= for ^^='-1 ^ ^"-^ ' 

c'e{0,2,... ,a}, cG{1,--- i''} and (t| =r | 

where p'^/ 's and pc's are paths in the tangles S and T respectively, required to define 
their actions. For the action of S od\ T, we consider the paths p'^, for 2 < c' < a 
and p'l for 1 < c < 6. (Strictly speaking, one has to disjointify the p'j^-portion of 
the paths [p'^ op^) for different values of c in order to define the action of S oj^i^ T.) 
So, the right-hand side of becomes 

for c'g{0,2,... ,a}, cG{l,- - 



\c'=2 J \c=l 



Observethat |(a,r)G5(5)x5(r): , -Ui^:, = f ' c' G {0, 2, ■ • • , a} 1 
[ ^IcfUe = J for 1 < c < 6, cr|ai3'^ = r|a£,j, J 

isclearlyinbijectionwithi7G5(5o^, T) : = - for c' G {0, 2, • • • , a}, I 

\ ' l\dD^ ^ f ioT\<c<h J 

A bijection is obtained by sending (cr, r) to the state defined by cr (resp. r) on the 
S'-part (resp. T-part) of S ojj/ T and the well-definedness of such a state is a con- 
sequence of the condition crlg^ij = t\qd^\ we denote this state by o t. If these 
sets are empty, equation (13. 1[) holds trivially since both sides have value 0. Let 
us assume that the sets are nonempty. It is enough to prove for cr G 5(5) and 
T G 5(T) such that a\QD', — 11 for < c' < a and t\qd^ = j"^ for 1 < c < 6 and 
TlaDo = it we have 

(3.2) M,{^)Vi^r\^sD = nvo.)i<,.„,.,(f) 

We prove this in two cases. 



Case 1: T has no internal disc or closed loop, that is, T is a Temperley-Lieb 
diagram. Then the right-hand side of equation (|3.2p is 1. It remains to show 
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^a-\p, (i^) = 1- This follows from the next lemma and the fact = Zt{1) is a 
sequence of non-crossing matched pairings of indices from /. 

Lemma 3.1. If i E I, j ^ /™, i = (ii, • • • G /" and < s < n, then we have 
•^i(i) = • • • ,is,i,i,is+i, ■ ■ ■ ,hi)- 

Proof: Note that 

(i) Aj(i, r) = Aj((ii, • • • , is,i,i,is+i, ■ ■ ■ ,in),r) for 1 < r < s, and 

(ii) Xj{i, r) = Xj{{ii, ■ ■■ i, is+i, ■ ■■ , in), r + 2) for s + 1 < r < n. 

We compute then, 

Aj((?i, • • • , is,i,i,is+i, ■ ■ ■ ,in), s + 1) Xj{{ii, ■ ■■ ,is,i, i, is+i, ■ ■■ , s + 2) 

uj{alt{j), altiii, ■ ■ ■ ,is, i), gi) uj{alt{j), alt{ii, ■ ■ ■ ,is, i), gi) if s is even 
uj{alt{j), alt{ii, • • • , is), gi) 'Uj{alt{j), aU{ii, ■■ ■ ,is,i, i), gi) if s is odd 
=1. 

□ 

Remark 3.2. In Lemma I5TT1 if i is a sequence of indices with non-crossing matched 
pairings, then we can apply the lemma several times to reduce all the consecutive 
matched pairings to get Aj(i) = 1. □ 

Case 2: T has at least one internal disc. Any unlabelled tangle T can be ex- 
pressed as composition of elementary annular tangles of four types as described in 
[3], namely, capping, cap-inclusion, left-inclusion and disc- inclusion tangles. It is 
enough to prove equation (|3.2p for any tangle 5* and compatible tangle T in f (= 
the set of all elementary tangles) . If T is of capping or cap- inclusion type annular 
tangle, the proof directly follows from Lemma [SH] and is left to the reader. 

If T is a left-inclusion annular tangle, equation p.2p is implied from the following 
lemma. 

Lemma 3.3. For all i £ j £ and k £ /^"^ such that alt{i) — e, we have 

A(fcj)(i) = \{i,i,i) Xj{i) 

where j is the sequence of indices from j in the reverse order. 

Proof: We rearrange the terms of the right-hand side of the identity in the lemma 
in the following way: 

(2n \ /2m N 

n ^) J)> 2{m + 2n)-r + l)\ XkiU,!,!), 2n + s) Xj{i, s) 

r=l ) \s=l J 

Let i = (ii, • • • ,i2m) and j = (ji, • • • ,j2n)- Note that for 1 < r < 2n, 

Afe((j,iJ),2(m + 2n) - r + 1) 

_( uj{alt{k),alt{ji,- ■ ■ ,jr),gj^) if r is odd 
^ \ uJ{alt{k),alt{ji, ■ ■ ■ ,jr-i),gj,.) if r is even 

=\{{j,i,3),r) 
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since alt{i) — e and alt{j,i,j) = alt{j)alt{i){alt{j))^^ — e. Thus the first 
product of the terms in the rearrangement vanishes. For the second product, if 
s € {1, ■ • • , 2m} is odd, then 



Afc((j,i,i),2n + s) Xj_i 

■ uj(alt{k), alt{j)alt{ii, ■ 

■ uj{alt{k), alt{j), alt{ii, 
uj{alt{k), alt{j), alt{ii, 



,«s),5»J uj{alt{i),alt{ii, ■ ■ ■ ,is),9^,) 
■ ,is~i)) uj{alt{k, f), alt{ii, ■ ■ ■ ,is),gi^)- 

= uj{alt{k),alt{j),alt{ii, ■ ■ ■ ,is-i)) \k.j){hs) uj{alt{k),alt{j),alt{ii, ■ ■ ■ ,is)) 

where we used the defining equation (|2.ip of the 3-cocycle u for the second equality. 
Similarly, if s G {1, ■ • • , 2rn} is even, then 

Afe((j,i,i),2n + s) Xj{i, s) 

— Lo{alt{k), alt{j), alt{ii, ■ ■ ■ ,is-i)) Xi^j){i,s) uj{alt(k),alt{j),alt{ii, - ■ ■ ,is)) 

Thus, 

Y[>^k{{i,hl),2n + s) s) 

s=l 
m 

n (^^((Z'i'I)' 2n + 2t - 1) A^a, 2t - 1)) (Afe((j, z, j), 2n + 2t) 2t) 



t=i 



n 



uj{alt{k),alt{f),alt{ii,- ■ ■ ,121-2)) \{k,i){h2t - 1) 



L 1 V \k,i)ih^t) u;{alt{k),alt{f),alt{ii, - ■ ■ ,i2t)) 
= uj{alt{k), a/t(j), e) |^fj \k.j_){h 2t - 1) \k,j_){h 2*) j Lo{alt{k),alt{j), alt{i)) 

= \k,f) (i) 

since alt(i) = e and uj is normalized. 
Remark 3.4. The proof of Lemma 13.31 also implies the following identity: 

2m+2n 

\{.J_,hi)= n ^k{{id,f),s) 



□ 



s=2n+l 



□ 



Now, suppose T is a disc-inclusion tangle as shown in Figure [2l Note that 
ni = mi. Without loss of generality, we can assume that T be given by the 
following picture in which we also indicate the paths pi and p2 ■ 

Observe that since pi does not intersect any string, we have that t\p^ is the 
empty multi-index. So it is enough to prove 



(3.3) 



Let us denote rjpj by fc e / . Since t is a state, the following relations clearly 
follow from Figure [21 
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1 ... 2r »"1 




2mi mi + 1 



Figure 2. Disc inclusion tangle 



(i) il = jl for 1 < s < 2r and 2r + 712 + 1 < s < 2ni, 

(ii) i^r+s =jl for 1 < s < n2, 

(iii) i\ = ks = jl for 1 < s < 2r, 

(iv) 32r+s = jln^-s+l for 1 < S < 722. 

We now express A^i , («^) as a product of three terms with which we work sepa- 
rately. 



\s=l / Vs=2r+1 / \s=2r+n2+l J 



First term: For 1 < s < 2r, 

X (^1 ^ I ifsisodd 
V- ' ' I a;(aZt(cr|p/),aZt(ii, • • • ,ig_i),5fji) if s is even 

^ f Z:J(a/i((T|p'J, a/i(ij, • • • , j]), g^i ) if s is odd 
\ uj{alt{a\pij,alt{jl, ■ ■ ■ ,jl_i),gji) if s is even 

= -^<t|, (i\s). 

'Pj — 

Second term; For 2r + 1 < s < 2r + n2, 



(applying (i)) 



is odd 
is even 



uj{alt{a\p'), aU{k)alt{jl, ■ ■ ■ ,js-2r)>9f_, ) if « is odd 



uj{alt{a\p'J,alt{k)alt{j^, ■ ■ ■ Js-2r-i)^9p^_^^) if « is even 
(applying (ii) and (iii)) 

= K\.{{k,f,i),s). 

'Pi — 
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Third term: Note that 

(v) aZi(i^^+i,--- ,4-+„J = a^^(ii'--- (^s™g (ii)) 

= altij2r+ir-- .ilr+n^) (^smg (iv)). 
Thus, for 2r + 712 + 1 < s < 2ni, 

u}{alt{(j\p>^),alt{i\, - ■ ■ ,i\^)alt{i\^^-^, - ■ ■ , i2,.+„2 , ■ ' ■ i^, if s is odd 

w(aZt((T|p'J,aZi(«i[, • • • ,i\^)alt{i\^^-^^,- ■ ■ ^ilr+n^r ■ ■ i-l-i, 9i]) if s is even 

^'^'^'^'^ (using « and 

pi — 

Combining the three terms, we get 

/ 2r \ / 2r+n2 \ / 2ni 



A 

'''i , - , , , , 

\s=l / \s=2r+l / \s=2r+ri2 + l 



2r+7i2 \ / 2r+7i2 



n H'/i''-^) n A.^((fc,f,Ai),.) . 

\s=2r+l / \s=2r+l / 

Now, for 2r + 1 < s < 2?' + n2 , we compute 
— 

^ f w(aZi(cr|p'J,a;t(ji\ • • ■ , j^^, • ■ • ,jl),gji) if s is odd 
1 ^^(a^t(cr|p'J,a^*(ji, • • ■ Jlr: ■ ■ ■ Jl~i)i93l) if « is even 
^ J uj{alt{a\p'^),alt{k)alt{j^^^,- ■ ■ , j2n2+2r-s+i), 9jl„^^^^_^^J if « is odd 
~ I uj{alt{a\p>J,alt{k)alt{j^^^,- ■ ■ , jin2+2r-s+2)^ 9ji„^^^^_^+J if « is even 
(using (iii) and (iv)) 

^ f uj{alt{a\p'^),alt{k)alt{jf, ■ ■ ■ , j1„2+2r-J:5i|„^+2^„^+,) if « is odd 
~ I uj{alt{a\p'^),alt{k)alt{j1, ■ ■ ■ Jin2+2r-s+i)^ 9ji^^^^^_^^,) if s is even 

(since alt{j'^) = e) 

=K\, ((fc,/J), 2n2 + 4r - s + 1). 

Hence, we obtain 

(2r+2n2 ^ \ / 2r+n2 ^ 

n K\^Aik,f,k),s)\i n A,^((fc,f,fc),s) 
s=2r+n2+l / \s=2r+l 

= A,| (ji) A,| ik,f,k) (by RemarklSH). 

'Pi — 'Pi — 
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We can now proceed with the proof of equation (13. 3p : 

where we apphed Lemma 13.31 for the last identity. This completes the proof that 
the action of tangles defined above is compatible with composition of tangles (called 
naturality of composition in [11]). Hence, p(9i--^^i),^ jg g, planar algebra. 

We will define next a ^-structure on p{9i-^&i),<^ ^ Note that if i G /^", then 
alt{i) = e if and only if alt{i) = e. Extend the operation conjugate linearly to 
define a ^-structure on p^^s^-i&i),'^ ^ Clearly, this is an involution. We need to check 
whether the action of tangles preserves *, that is, Zt' o (* x • • ■ x *) = * o Zt- It 
is enough to check this identity when T has no internal discs or closed loops, and 
when T is an elementary annular tangle. 

If T has no internal discs or closed loops, then it is a Temperley-Lieb diagram 
and hence Zt is the sum of all sequences of indices from / which have non-crossing 
matched pairings where the position of the pairings are given by the numberings 
of the marked points on the boundary of T which are connected by a string. Now, 
in the tangle T*, the m-th and the n-th marked points are connected by a string 
if and only if the m-th and the n-th marked points starting from the last point in 
T reading anticlockwise, are connected. So, Zt' is indeed the sum of all sequences 
featuring in the linear expansion of Zt in the reverse order (that is, applying ^). 

If T is an elementary annular tangle of capping (resp. cap-inclusion) type with 
m-th and (m -I- l)-th marked points of the internal (resp. external) disc being 
connected by a string, then T* is also the same kind of elementary annular tangle 
but the 'capping' occurs at the m-th and (m + l)-th marked points of the internal 
(resp. external) disc starting from the last point reading anticlockwise. The identity 
easily follows from this observation. 

If T is an elementary tangle of left-inclusion type, then T = T* . The identity 
will then follow from the next lemma. 

Lemma 3.5. If j G /™ and i = {ii,--- ,«2n) G I^" such that alt{£) = e, then 

Proof: The proof is an immediate consequence of a^i(ji, •• • ,is)^alt{i2n,--- ,is+i), 
which holds since alt{i) = e. □ 

Lastly, if T is an elementary tangle of disc-inclusion type given by Figure [21 
then we need to show {Zt* {i, j) , k) = {ZtH,]),^ for i,k <E G /^"^ with 

alt{i) = alt{j) = alt{k) = e. It is easy to verify that i, j and k define a state on T 

if and only if i, j and k define the same on T*. If they fail to define a state, then 
both sides are zero. If they define a state, then the scalars appearing on both sides 
can be made equal by applying Lemma [331 

Remark 3.6. If w is trivial, that is, a coboundary, then p(9i--i<^i),^ jg isomorphic 
to example 2.7 in [TT]. Jones constructed this example of a planar algebra by 
considering a certain subspace of the tensor planar algebra (TPA) over the vector 
space with the indexing set / as a basis. He then showed that this subspace is 
closed under the TPA-action of tangles, thus showing that the subspace is indeed 
a planar algebra. One can view our planar algebra p(si-t^i)-MJ g, subspace of the 
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TPA in an obvious way but the action of planar tangles induced by TPA will not 
be the same as our action which involves the extra data of a 3-cocycle. It does not 
seem clear if our planar algebra p(si-*sJ>,'^ qq^j^ |-)g viewed as a planar subalgebra of 
the tensor planar algebra over the vector space with basis / if a; is nontrivial. 

4. The planar algebra of the diagonal subfactor with cocycle 

In this section we will compute the relative commutants of the diagonal subfactor 
associated to a G-kernel. We will determine the filtered *-algebra structure, Jones 
projections and the conditional expectations. Note that some of this can already 
be found in [T], [20], [TT]. The main point here is that we are able to choose an 
appropriate basis of the higher relative commutants such that the action of planar 
tangles on these allows us to identify this concrete planar algebra with the abstract 
one defined in the previous section. 

Let iV be a IIi factor, / be a finite set and for i € I, choose 6i € Aut TV. Set 
M = Ml ® N where Mj denotes the matrix algebra whose rows and columns are 
indexed by /. As in the introduction, consider the diagonal subfactor N M 
given by 

N ^ XI — >^Eis(^ Ot{x) G M 

that is, an element x oi N sits in M as a diagonal matrix whose ith diagonal is 
9i{x). If we have another collection of automorphisms 9'^ e Aut TV for i € / such 
that 9i = 9[ mod Int TV, for alH G / (up to a permutation of/), then the associated 
diagonal subfactors are isomorphic. It is therefore natural to associate a diagonal 
subfactor to a collection of elements gi £ Out N, i € I. We consider the subgroup 
G = {gt : i £ I) oi Out N , which can be viewed as a G-kernel in the obvious way, 
and choose a lift 

G3 g ^ ag e Aut N 

such that Qie = idN- Set ai = ag^ for all i £ I. Consider the diagonal subfactor 
N C M = Mj (g) N where the ith diagonal entry of an element of N viewed in M is 
twisted by the action of . The index of this subfactor is |/p . Set M„ = Mi^+i®N 
for n > 0. We wiU often identify E^j ® Ek,i £ M/™ (g) M/« with S M/™+„ 

for i,j S /™ and k,lG /". Now, M„_i is included in M„ in the following way: 

Af„_i = Mjr^i^N B Ei,j®x I — > Eyj®ijn{x) £ Mi^®Mi®N = A//,.+i «)iV = M„ 

for all i, i G /" and x ^ N where ijjn '■ N ^ Mi ® N \s defined as: 

I ( \ _ \ Y.k(^i Ek,k ® ak{x) if n is even 
^^""^ " I Efee/ Ek,k ® a-\x) if n is odd 

It is easy to check (see (2^, [1]) that iV C M C Mi C M2 C • • • is isomorphic to 
the Jones tower of IIi factors associated to C M where the Jones projections 
and conditional expectations are given by: 

i^r^ %,i,»),(fc,j,j) 8) 1 e M„ 

5kA E,,, ® ai7^^"'\x) 
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for all i,i € I"^, kj e I, X e N. Moreover, |y|T[(iJij (g) 1) : i,j e /| forms a 
Pimsner-Popa basis of M over N. This basis will be used to write the conditional 
expectation of commutant of N onto the commutant of AI (see [2])- 

To find the relative commutant N' CiMn-i, first note that N is included in M„_i 
by the following map: 

N3x> — >^E,,i(E) alt-\i){x) G M„_i 

where alta{i) = a~^ai^ ■ ■ ■ Q^i ^'^ £ AutiV for i ~ - , in) G Now, if 

EzjG/" ^iAEh]_ ® 1) e n M„_i, then 

Xij{Ei^j ®1) y ^ y ^ Xi^j{Eij (g) 1) for all y G 

O {alta(i)alt^^{j)) (y) = y a;^^ for aU y e N^ijE I" 
<^ Xi^jaltaii, j){y) = y a-ij for aU y e N, I"' 
Thus, for i, j G if Xj.j 7^ 0, then — jjt^ G U{N) and Adxo o alta{i,j) = 
idAT which implies alt{i,j) — e. Similarly, if there exist i,j G /" such that alt{i,j) = 
e, then u{Eij ^ 1) € N' H M„_i where u G W(A^) satisfies Adu o altc,{i,j) = idN- 
Thus, 

i,j G /" and u G W(7V) 



A^' n Mn-i = span <^ u(£'ij ® 1) G M„_i 



s.t. Adu o alta{i,j) = id^ 

The elements in this set do not yet form a basis since the unitary u can be 
modified by a scalar of absolute value 1. To get a good basis of N' (iMn-i we need 
to choose u in such a way that the planar algebra associated to A^ C M can easily 
be identified with the abstract one defined in Section [3l 

We now digress a little bit to set up some notations. Let u : G x G U{N) be 
a unitary defined by 

ag^ag^ = Adu (31,^2) ° ctgig2 for all 51,52 £ G 
such that u(5i, 172) = 1 whenever either of gi or 52 is e. For i = (ii, • • • , i„) G 
define 

u*{alt(ii,- ■ ■ ,im),girn) if m is odd 
u{alt{ii,--- ,im-i),gi^) if m is even 

and set v{i) = • ■ ■ u„(i). Next, we prove a several useful lemmas involving v. 
The first lemma motivates our choice of the basis. 



Lemma 4.1. alta{£} = Adv{i) o aait(i) for all i^I"^. 
Proof: Using the definition of u, note that for all to > 1, 



Hence 



aalt{^^,■■■ ,^r.-^)a^^(^J^(,^^... ,,^) if m is odd 



Adw(i) = Adwi(i) • • • Adu„(i) = aea^^ai^ ^ait{ii,- ,i„) = '^^*"(i)"azt(i)- 

□ 
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Lemma 4.2. For any k = (fci,-- - ,k2n) G such that alt{k) = e, we have 
v(k)v{k) = 1. 

Proof: First we expand v{k) and v{k) into products of unitaries arising from the 
definition of v, and then we consider that the product of the p-th unitary of v{k) 
from the right and p-th unitary of v{k) from the left, that is, 

(k) fi,) - / "("^^(^2n, • • • , fcp+i), fcp) u*(aZi(fci, • • • , fcp), /cp) if pis odd 
V2n-p+i(_)Vp{_) 1^ u*{alt{k2n,- ■ ■ ikp),kp) u{alt{ki,- ■ ■ ,kp-i),kp) if p is even 

u{alt(ki, • • • , kp), kp) u*(alt{ki, • • • , kp), kp) if p is odd 

u*{alt{ki, • • • , /cp-i), kp) u{alt{ki, • • • , kp^i), kp) if p is even 

= 1, 

for 1 < p < 2n. □ 

Lemma 4.3. For i = (ii, - ■ ■ , i„), j — (ji, • ' ' ijn), k — (fci, • • • , /c„) S /" smc/i 
f/iat alt{i,j) = e = alt{j,k), we have v{i,j) v{j,k) = v{i,k). 



Proof: Using an argument similar to the proof of Lemma 14. 2[ one can prove that 
the product of the p-th unitary of v{i,i) from the right and the p-th unitary of 
v{j,k) from the left, is 1 for I < p < n. Again, for n + I < p < 2?!, 



. r, / u*(a;t(j)fcL^^ ^ • • • hn-p+i^k2n-p+i) if P is odd 

"p\J_j!k) ~ S ('-1')" + ^ —1 

[ u{alt{f)k'2^ ' ■■■hn-p+2^k2n-p+i) if p is even 

^ I u*{alt{i)ki~^^ ■ ■ ■ k2^_p^^,k2n-p+i) if P is odd ^ 

2n-p+2' ^2n-p+i) if P IS even 



Thus, 



= fc) • ■ • Vn{hk)Vn+l{hk) ■ ■ ■ V2nihk) = viht) 

□ 



By applying Lemma H?T1 we see that the set ^^v* {i, j){Eij (g) 1) 



i, j e /" s.t. 
alt{i,j) — e 

is a basis for iV'nM„_i. We will use this basis to establish an isomorphism between 
the planar algebra associated to N G M and the abstract planar algebra defined in 
Section [3l Let wiGxGxG^Tbe the 3-cocycle associated to G, that is, for all 
91,92,93. G G we have 

u{9i,92)u{gig2,93) = (^{91, 92, 93)agA'u{92, 93))u{9i, 9293)- 

As before, this is a consequence of associativity of the multiplication in G. 
We prove next a useful lemma relating v and uj. 

Lemma 4.4. If i E I and k — (fci,--- ,k2n) G such that alt{k) = e and 
ki = k2n, then alta{i,ki){v{k)) = \i,ki){k) v{i,k2, ■ ■ ■ ,k2n-i,i)- 
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Proof: We expand alta{i, ki){v{k)) as a product of unitaries and work with them 
separately. For 1 < p < n, we have 

(i) alta{i,ki){v2p-i{k)) 

= (a-^ak^) {u*{alt{ki,--- , fc2p-i), gfesp^i)) 

= (^Adu*(5ri,5.)M(c,ri,5j.J oa^-ig^J {u*{alt{ki,- ■ ■ ,k2p-i),gk2p-i)) 

(using definition of u) 
= u>{alt{i,ki),alt{ki, - ■ ■ ,k2p-i),gk^^_^) 

(u{alt{i, ki),alt{ki,- ■ ■ , fc2p_2, A:2p-i, fep-i)) 
• u*{alt{i,ki,ki,k2, ■ ■ ■ , fep-i), fffcsp-i) 
• u*{alt{i, fci), alt{ki, ■ ■ ■ , fc2p-i)) 

(using the definition of lo) 

(ii) alta{i,ki){v2p{kj) 

= (a-^ak^J {u{alt{ki, - ■ ■ , A:2p_i), .gfc^J) 

= (AdM*(.gr\ g^)u(g~\5ftJ oa^-i^^^J {u{alt{ki, ■ ■ ■ , k2p-i) , gk^^)) 

(using definition of u) 
= ID{alt{i,ki),alt{ki,- ■ ■ , fep-i), 3^2^,) 

(u{alt{i, ki), alt{ki, • • • , A:2p-i)) \ 
• u{alt{i,ki,ki,k2,--- , hp-i), gk2p) 1 
• u*{alt{i, ki), alt{ki, • • • , k2p)) J 

(using the definition of to) 
Multiplying (i) and (ii), we get, 



alta{i,ki){{v2p-i{k)) {V2p{k))) 
=A(i,fei)(fc, 2p - 1) \i,kr){k, 2p) 

/ u{alt{i,ki),alt{ki, - ■ ■ ,k2p-2,k2p-i,k2p-i)) \ 

Adv*(a-^ a)v(a-^ au 1 ■ u*{alt{i,ki,ki,k2,- ■ ■ , A;2p-i),5fep-i) 
Adu[g, ,g,Mg, ,5.,) . u{alt{i,k^,kuk2,- ■ ■ ,k2p-i),gk.,) 

\ ■ u*{alt{i,k\),alt{k\,- ■ ■ ,k2p)) J 
=A(i,fei)(fc, 2p - 1) A(i,fcj)(fc, 2p) 

u{alt(i,ki),e) u*{g~^,gkj 
Adu* {g~^ , gi)u{g~^ , gki) \ ■ V2{i, k2, ■ ■ ■ , k2n-i,i) | ifp=l 

• u*{alt{i, fci), alt{ki,k2)) 



Adu*{g^ ^,gi)u{g^ ^,gki) 



/ u{alt{i,ki),alt{ki,- ■ ■ ,k2p-2)) \ 

V2p-l{i, ^2, • ■ • , k2n-l,i) 
V2p{i, k2, - ■■ , k2n-l,i) 
\ ■ u*{alt{i,ki),alt{ki,- ■ ■ ,k2p)) ) 

u{alt{i, fci), alt{ki, ■■ ■ , k2n-2)) 
Adu* {gl^ , gi)u{gl^ , gk-,) \ ■ V2n-i{i, k2, ■ ■ ■ , k2n-i,i) 

■ u{gi^,gki) u*{alt{i,ki),e) 



if2<p<n-l 



if p = n 



def. 



Wp. 
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Thus, 

alta{i,ki){v{k)) ^Wi---Wn = \i,ki)i^)- 

( u*{gi\gu,) \ 
Adu*{g^ ^,gi)u{g^ ^,gkt) ■ V2{i,k2,--- , fc2„_i, • • • W2«-i(«, ^2, • ' ' ,A;2n-i,«) 

V • "(5j"\5fei) / 

= ^(i,fci)(fc)"*(5,~\5»)w2(«, fc2, • ■ ■ , k2n-l,i) ■ ■ ■V2n-l{i,k2, ■ ' ■ , /C2n-1 , 5i) 
^^ii,ki){k) v{i,k2,--- ,k2n-l,i)- 

□ 

Let us recall the following well-known fact about isomporphisms of two planar 
algebras which will be used in the next theorem ([H]). Let and be two 
planar algebras. Then P^ = P^ (as planar algebras) if and only if there exist a 
vector space isomorphism ip : P^ —> P^ such that: 

(i) tp preserves the filtered algebra structure, 

(ii) ip preserves the actions of all Jones projection tangles and the (two types 
of) conditional expectation tangles. 

If P^ and P^ are *-planar algebras, then we require ip to be *-preserving. 

Theorem 4.5. The planar algebra P^^ associated to the diagonal subfactor ob- 
tained from a III factor N and a finite collection of automorphisms ai G AutN for 
i € I , is isomorphic to p(9i-t&i):<^ where gi — [at] € OutN for all i £ I, and lu is 
the normalized 3-cocycle associated to G = {gi '■ i (z I) ^ OutN as above. 

Proof: Let G = {gi : i E I) and without loss of generality, let us assume that a is 
a hft of G such that a, = ag^. By [11] we have P^^ = N' r\ M„_i for all n > 0. 

Define the map (j) : P^^ P = piai-^&i)-,'^ j-^y j^^.^^ defining it on basis elements 
as (l){v*{i,j){Eij (g) 1)) = {i,j) for all i,j G /" such that alt{i,j) — e, and then 
extending it linearly. Clearly, (j) is & vector space isomorphism. We will show that 
(j) is *-planar algebra isomorphism. We make first the following observation: 

For i E I , i — (ii, • ■ ■ ,in) G ^" and < s < n, we have the identity v{i) = 
v{ii, ■ ■ ■ ^isji, i, is+i, • ■ • , in)- The proof is similar to that of Lemma |3. II Thus, if i 
is a sequence of indices with non-crossing matched pairings, then using this identity 
several times to reduce all consecutive matched pairings, we get v{£) ~ 1. 

We show now that (f) is indeed a planar algebra isomorphism following the remark 
just before the theorem. 

(a) 4> is unital: Since Ips/ — J2iei"(-^i-i® ^) ^^"^ ''^(Li) = 1 by the above observa- 
tion, we get (Pilp^f) = = IPn - 

(b) (j) preserves Jones projection tangles: By Theorem 4.2.1 in [llj . the n-th Jones 
projection tangle En acts as ° = |/|e„ = J2kei^-^,i,jeA^(k,i,i),{k,j,j) '^^)- Since 
ik,i,i,j,j,k) is a sequence of indices with non-crossing matched pairings, by the 
above note v{k,i,i, j, = 1- So, 0(^1° ) = Efce/^-i.jjG/ = ^l;„- 

(c) (j) preserves the action of conditional expectation tangle: By Theorem 4.2.1 
in [TT], the action of conditional expectation tangle Sn'^^ is given by -^^n+i = 
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|/| E^j"__^\N'nM„- We compute 

Z^^ii{v*{i,k,lJ){E^,^k),u,i) ® 1)) = v*ihkjJ)E^"_^{E^,^k),{j_.i) ® 1) 

= 4,; fc,/c, (g) 1) 

= 4,i v*{iJ){E^j (g)l)^ dk,i {hi) e Pn 

for all i, j G k,l G I such that alt{i,k,l,j) — e. From the action of tangles 
defined in Section[31 it is easy to check Z^„_f_i[i, k,l, j) = Sk,i (hj)- 

(d) (j) preserves Applying * on a basis element of P^'^ , we get 
{v*{tJ){E,,,_ ® 1))* = {Ej_,, ® l)f(iJ) = {alt4f)alt-\£)) {v{iJ)){Ej_,, ® 1) 

= vUd) v{hi) v*{i,i){Ej_^i(E)l) 

= t'*al)(%®i)^(j,l) = aJr 

for i,j € /" such that alt{i,j) = e. Note that we used Lemma [4.11 for the third 
equality and Lemma [42] for the fourth one. 

(e) (f) preserves multiplication: Suppose i,j,k,l G /" such that alt{i,j) — e — 
altik,!). Then, 

(t'*(iJ)(%, ®1)) • (t'*(fcJ)(%i«'l)) 
= v*ii,i) (alt^iiS)) ,!))(% ® l){EkA ® 1) 
= v*{hl)v{i,i)v*{k,l))v*{i,f)Sj_,k {Eu ® 1) (using LemmalUT]) 
=<5j,fc (-E^,! (Xi 1) = Sj_^k v*{i,T){Ei^i ® 1) (using Lemma US]) 

On the other hand, one can easily deduce from the action of the multiplication 
tangle in P that (i, j) ■ (fc,Z) = Sj,k {i,L)- 

(f) (j) preserves the action of the left conditional expectation tangle: By Theorem 
4.2.1 in [TT], the action of the left conditional expectation tangle £^ is given by 

= |/| Using the basis of M over TV mentioned before, the condi- 

tional expectation onto M' n Nn-i can be expressed as (see [5]) 

K^ntiM^) = E {VWm,, ® 1)) X {vwm. ® i)) 

= Y.{E,^j(g)l)x{Ej,,(S,l) 
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for X e A^' n M„_i. Hence, for i = (ii, ■ ■ ■ ; in-i), j = (ji, • ■ ■ , jn-i) G ^" ^ and 
k,l ^ I such that alt{k,i,j,l) = e, we have 

(v*(fc,iJ,0(-E(fc,i),(;j) ® 1)) 

= ^ alt4^,j){v*{k,^,J,l)){E^,J Cg) ® l)(£;j,, ® 1) 

= Sk,i^alta{i,k){v*{k,i,i, k)){E(.i^Q^(i^y.j ® 1) 

iG/ 

= 5k,i'^K,k{k,hi.,k)v*{i,i,i,i){E(i^i)^{^i^0 (g) 1) (using LemmaH^) 

On the other hand, one can easily check that the action of £^ is given by 
Z£^{k,i,iJ) ^ Sk,i^Xt,k{k,i,i,k) {i,hi,i)- 

□ 

Corollary 4.6. Given a group G generated by a finite collection gi for i G / and 
given a normalized 3-cocycle uj e Z^(G,T), there exists a hyperfinite suhfactor 
whose associated planar algebra is isomorphic to pisi'-''^^)--'^ _ 

Proof: The proof foUows from [S] and Theorem 14.51 □ 

Remark 4.7. Note that the isomorphism (f) in the proof of Theorem 14. 51 uses the 3- 
cocycle uj only in the step involving the conditional expectation onto the commutant 
of M. In particular, the filtered *-algebra structure does not involve oj. 

Analyzing the filtered *-algebra structure of our planar algebra, one can easily 
find that the principal graph F of iV C M is a Cayley-like graph. More precisely, 
if Gn = {alt{i) : i e F'} for n > 1, and Go = {e}, then Vn{T) = G„ \ G„_2 
denotes the set of vertices of F which are at a distance n from the distinguished 
vertex for n > 1, and Vb(F) = {e}. The number of edges between g e Ki(r) and 
h 6 Vn+i{r) is J2zei^g,hgi i^esp. J2zei^ggi,h) if n is odd (resp. even). Note that 
this is well-known. 

The most elegant feature of the planar algebra pi3i-i&i),<^ that the distin- 
guished basis forms the 'loop-basis' of the filtered *-algebra arising from paths on 
the principal graph. Note that the 3-cocycle u) does not enter in the definition of the 
actions of multiplication, inclusion and unit tangles (defined in Section [3]) or in the 
^-operation. Of course, we found the abstract planar algebra by first computing the 
action of tangles on the relative commutants. We then deduced from it an abstract 
prescription of the planar algebra associated to a G-kernel and a 3-cocycle, which 
is the one presented in Section 3. 

The path algebra associated to the principal graph can always be used to obtain 
a description of the filtered *-algebra structure of a subfactor planar algebra (see 
for instance [13]). The extra information encoded in the planar algebra which the 
principal graph cannot provide, is the action of the left conditional expectation 
tangle (or equivalently, the rotation tangle or the left-inclusion tangle with an even 
number of strings). The main issue in this paper was the choice of the unitaries 
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v{i) satisfying the conclusion of Lemma l4.1l in such a way that the basis elements 
of N' n Mn correspond to loops on the principal graph with the correspondence 
extending to a filtered *-algebra isomorphism. Note that this choice of v{i) is 
unique up to a scalar in T. It is a delicate choice in the sense that another choice 
would very likely make the 3-cocycle to appear in the description of the filtered *- 
algebra structure, whereas uj does not feature in the path algebra on the principal 
graph r. 

We will prove next a converse of Theorem 14.51 We will refer to the abstract 
planar algebra defined in Section [3] as diagonal planar algebra. 

Theorem 4.8. Any finite index extremal subfactor N C M whose standard invari- 
ant is given by a diagonal planar algebra is a diagonal subfactor. Moreover, if the 
associated group and its generators of the diagonal planar algebra is given by G and 
{gi : i e /} repectively, then for every io € I, there exists at £ AutN , i £ I, such 
that: 

(i) [N C M) = [N ^ Ml ® N) where N Mj ® N is the diagonal subfactor 
with respect to the automorphisms ai for i £ I . 

(a) There exists a group isomorphism ip : {ai : i £ I)OutN ^ {9i^9i '■ ^ ^ I) ^ 
G sending ai to g~^gi for all i £ I . 

Proof: Let P be the planar algebra associated to iV C M, P'^ be a diagonal pla- 
nar algebra associated to G and {gi : i £ I}, and (j) : P^ P a *-planar algebra 
isomorphism. 

Setting up matrix units: 

For all i,j £ I such that c/^ = gj, set := (j){{i,j)) e Pi = iV' n M. Note that 



J2li — 1- to create other off-diagonal matrix units g*, we partition I = JJ I, 



such that: 

(i) io^ Io, 

(ii) gi = gj i, j £ /„ for some < n < to. 

For each n £ {1,2,- ■■ ,to}, choose in £ /" and partial isometry g|" £ M such 



that g|« (qZ)* = < and = (^ote that = H{^o,^o)) and = 



0((*n,*n)) have the same trace |/| ^). Extend q by defining q : / x / —> Af by 



IxIdPxI'3 a ql {qi^Y q^^q^; = (C)* ^l^^'t^d^t, j)) £ M 



It is completely routine to check (using properties of partial isometry and action of 
multiplication tangle in P^) that (i) q is well-defined, (ii) g^gf = Sj.kql, and (iii) 



n=0 




Finding automorphisms: 

Using extremality of iV C Af , for each i £ I, we get 
\qlMql : Nql] = 1 ^ Nql = qlMq} 

^Nq^C qiMq^ C q)N and Nq) D qlMq] D q'jN 
^Nq)^ qlMq^ ^q^N^M^^q)N 



where we use [(?i,-/V] = in the second implication. 
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For each i E I, define ai : N N hy ql°x = ai{x)ql° for all x E N . Since is a 
factor and [(/j . iV] = for j e /, Ui is well-defined and injective; surjectivity follows 
from iVg* — QjN . Linearity and homomorphism property of follow immediately, 
and we also have the identity xq^'' — ql''a~^{x). To show q^x — (a~^aj) {x)qj, note 
that 

q]x = ql^aj{x)q'^ = ("j^^aj) {x)<lj, for aU x G N, for all i, j £ /. 

Using this relation, it is easy to show that ai is ^-preserving. Two other easy con- 
sequences are ai = aj if and only if gi — gj and at^ — id^- 

Structure of diagonal subfactor: 
Define: 

(i) K : M := Mi ® N ^ M by k{E,^j ® x) = qjaj^x) = a-\x)q'i, 

(ii) \: M M by A(a;) = E^.j >S> k.jix), 

where \ij : M ^ N is the map given by the relation qlxq-j = q*aJ^(Ai.j(x)) for all 
X £ M. 

Clearly, k o A = idM, X o n — idj^j and k is a ^-isomorphism. Set N := A(A^) — 
Y,Ei^i®a.,{x) x<en \ (ZM. 

iGl J 

This proves that C M is a diagonal subfactor as claimed. The rest of the 
proof pertains to 14.81 (ii). 

Matrix units for the tower of basic construction: 

Let Mn denotes the IIi factor obtained from N C M by iterating the basic con- 
struction n times. We will first define gj e M„_i for i,j e /" and n > 2 satisfying: 

(i) (?|) = qi for all ijel'', 

(ii) q^ x — alta{i, j){x) gj for all i, j G /" and x £ N, 

(iii) g|= '^((i'l)) for alHG 

(iv) q] qr = 5j_^k qf for aU i,i,k,l € 

(v) q'^f'^^^ qw = St,u for all s,t,u,v€ /""^ and s,t G I 

by induction on n where alta is defined by alta(ii, • • • , im) = o^i^^ o.i2'^i3^ ' ' ' "-^l,!^^ • 
Suppose we have defined such q^ 's for all i,j G /™ and m < n. Now, for i. jGl 

and i, j e set := E„ q'f'^^ G M„ for some s G /""\ where En = |/|e„ 
is the element in M„ given by the n-th Jones projection tangle. To show that the 
definition of q^j'^j-^ is independent of s G /"^^, observe that 

for all t G /"^^. Properties (i) and (v) hold trivially. For (ii), note that 

X = alta{i,i,l,s,j,f){x) q^^''^^ = alta{{i,i), {hj)){x) q^^j''^^ for aU x G N. 
Next, we prove property (iv). For i G I and m > 1, let r]„i{i) denote the element 
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/ 12 ;// — 1 ;/) 



if m is odd 



Vm{i) = 



1 2 m — 1 m 



if m is even 



V L 

in M^_2 n Mm-i (where M_i := TV, Mq := M). Two important relations which 
we will often use, are r]m{i)Em = rjm+i{i)Em and Emrim{i) = Emr]m+i{i)- Getting 
back to property (iv), we have 



(s.l) 



(s,0 



s,fe) 



-En 



9/ 



(s,l) 



= ^3_k En gj.fcj rin+i{j) En qf'" = Sj_,k of,,,) E„ q\fjj^ T]„{j) En ql 

= Sj^k q^^^,) En 9(2^1 En = (5j,fe (5j,fe g^^^.^ <f>{{s,j,j,~s)) En q'f'''' 



It remains to establish property (iii). Now, for i€ I", i G I and s G /"~^, 

(i>{{i,i,i,i}) (l>iii,i,i,i)) = <l)iii,i)) Vn+iii) (rs,i of'' (t>{{hi)) 
= En Vn+i{i) qf = q\.^ iinii) En r]n{i) qf' 

i n s.l (z.z) 

= Ts,^Enql =<l(uy 

Since g^^'*! € V{N' DMn) (by property (ii)) and (/)((i, is a minimal projection 

of P„+i =N'n Mn, therefore q^^ = (/>{{%, i, 

The proof for the initial case of n = 2 is similar and is left to reader. 

Correspondence between relations satisfied by ai 's and Qi 's: 

In this part, we will prove that for i, j € alt{i,j) = e if and only if alta{i,j) € 
IntiV. 

Following the construction of the isomorphism A between M and M, one can 
define an isomorphism A*^"^ as follows: 



M„_i 9 X ^ A(")(a;) = ^ Ek,i_ ® A^'J(x) e M„_i := M/n ® N 

k,l_el'^ 

An) . 



where Xj^ J : M„_i — *• A'' is the map given by the relation 

4xqi = c^ alta^il) (a^ {x)) . 



THE PLANAR ALGEBRA OF DIAGONAL SUBFACTORS 



23 



Thus, A(")(Af) = I E Ek^k ® alt-^{k){x) : a; G ivj , forn > 1. Note that A^^) = 
A. 

Let alt{i,~j) = e for i, j G Note that A(")((Jj) = E^.j ® 1 and A^"' {(t>{{h~j))) 
are partial isometries between A^"^((;f) — A^"^ (0((i,i))) = ® 1 and A("^((7j) = 
('/'((iJ))) = Ej_.j_ ® 1. So, there exists u G Z^(7V) such that A^") {(j){{h~j))) = 
E,^j (g)u = A(") (gj where v = alta[i){u) G Zi(Ar). Hence, 

9p = 0(a,l)) GA^'nAf„-i 
=>yq-jv^q]vy^ {altaiihf)) o Ad-y) (y) t; for all y G A'' 
{alta{{i,T)) ° Adf) (y) = y for all y G 
altaiiiJ)) G IntA^. 

Conversely, if altaiii, j)) G IntA^, that is, alta{{i, j)) o Adv = icLn for some 
G U{N), then (^i;,^ ® aZi-i(j)(^')) ^ ((^^"H^))' n M„_i). Now, alt{{i,~j)) ^ e 
implies dim ^(A*^"-* (TV))' n M„_i^ > dim (A' n M„_i) which is a contradiction. 
Hence, alt{{i,j)) — e. 

The group generated by Ui 's: 

Let H := {9, = [a^]ont n ■ i & I) < OutN, H {g-^g., : i e I) < G, J := 
I X {1, -1}. Define maps wh ■ JJ J" ^ H and Wfj : U J" H hy 

n>l n>l 

J" 3 ((*!, ei), {^2,e2), ■ ■ ■ £„)) ^ • ■ • 0^" ^ ^ 

J" 3 ((*!, ei), fe, £2), • • • ej) ^ • ' ' (5~'5.J^" e H 

where Ci G {1, —1} for 1 < i < n. Define 7 : iJ ^ iJ by 7 {wnij)) — Wfj{j). For 7 
to be an isomorphism, it is enough to show 7 is well-defined and injective. Suppose 
the map p : J ^ P sends (i, 1) (resp. (i, —1)) to (io,i) (resp. {i,io))- Extend p to 
p : ^ entrywise. Note that wnij) = clUh (p(j)) and Wfj{j) = alt {p{j)). 
This implies 

WHif) = Iff ^ a^ta (p(j)) G Int Af a/i = e <^ w^(j) = e. 

Hence, iJ and H are isomorphic. □ 
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